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Chapter 1 


How to use forcing 


The aim of these lectures is to give a short introduction to forcing. We will avoid meta- 
mathematical issues as much as possible and similarly we will avoid performing the actual 
construction of forcing. We assume familiarity with basic predicate logic, the axioms of 
ZFC set theory and constructible sets. We will also make use of tools like the coding of 
Borel sets and the Shoenfield absoluteness result. 


1.1 Inner models and generic sets 

We will use naive set theory as a setting. In this framework, we can prove results about 
consistency by looking at models of set theory. 

Definition 1.1.1. An inner model of ZF is a elass M such that: 

1. M is a class of V, that is the axioms of ZF are still valid (in V) if one applies 
replacement to formulas including one unary predicate U interpreted by M, 

2. M is transitive, 

3. M contains all ordinals, 

4- M is a model of ZF. 

Similarly we can define when M is an inner model of ZFC . 
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Definition 1.1.2. ( a) A forcing notion is a partially ordered set P which has the largest 
element Ip; elements o/P are called conditions. 

(b) Given p, g € P, p is an extension of q if p < q. 

(c) A subset G o/ P is called V-generic over V, if the following hold: 

1. p < q and p € G ^ q € G, 

2. p,q € G ^ p,q are compatible (i.e. have a common extension), 

3. If D is a dense set belonging in V, then Dr\G ^ 0, where dense means \/p3q < p,q € D. 

It is easily seen that if G is P-generic over V, and li p,q G G, then they have a common 
extension in G. 

Theorem 1.1.3. If M is a countable transitive model and P a partially ordered set of M, 
then given any condition in P, there is a V-generic set over M including p as an element. 

Proof. Enumerate the dense sets of P in M as a sequence (Il„ : n < uj). Pick a decreasing 
sequence (p„ : n < oj) of elements of P such that: 

• Po=P, 

• Pn+l if Pni 

• Pn+1 e Dn- 

Then G = {p € P : < p} is as required. □ 

The countability of the model is only used in the proof of the above theorem; so from 
now on we work in V , and force over it. 

Fix a forcing notion P. We will use so called formulas with parameter P, to mean a 
formula of an extended language including a constant symbol interpreted by P. 
Construction of the model: For any P-generic G over V, there is a model V\G] such 
that: 

• F is an inner model of F[G], 

• There is an onto map Kq from V onto V[G] defined in V\G] with parameter G (pro¬ 
vided a unary predicate symbol is allowed with interpretation V). 
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An element a such that Kcia) = u is called a name for u. 

Truth in the model: 

• For any formula <j){vi, ...,Vn), there is a formula Force 0 (uo,Wn) with parameter P 
such that 


V l=“Force^(p,ai,...,an)” 
iff for every generic set G containing p, 

V[G] 

Force<^(p, ai-.., a„) is often written 

p Ih ^(oi, 


Also we have 


1/[G] h“</>(^G(ai)...,ifG(a«))”, 
iff 


3p e G,p Ih 

Thus there is, in V, a forced approximation of the truth of 1^[G]. 

Names of elements of F[G]: Recall that a name for u is an element a € V such that 
Kcia) = u. 

• There is an object F such that ^(^(r) = G (a canonical name for G). 

• There is a functional relation defined in V, a i—>■ a such that Kcia) = a- 

Most of the applications of forcing can be done without knowing more about generic models 
and the forcing relation. 

Theorem 1.1.4. V[G\ is the smallest model containing all members of V and G as an 
element, and such that V is an inner model. 

Notation 1.1.5. Let V[G] be a generic extension ofV. 

(a) For a € R[G], we use a, € R as a name for a (so that Kg{^) = a). 

(b) If a GV, we use a itself, instead of a, as a name for a. 
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1.2 Properties of the forcing relation and the generic ex¬ 
tension 

In this section we give some consequences of the forcing relation and the model V^[G]. 

Lemma 1.2.1. If p Ih <j) and q < p, then q Ih (j). 

Lemma 1.2.2. {a) pVt^ (p iff 3q < p,q II—k/). 

(6) p\\- -.(/) iff'iq<p,q\>f (j). 

(c) p Ih \/x(j>{x) iff p Ih (/)(a) for any a in V. 

(d) p Ih 3x(l){x) implies 3q < p, q Ih (pft) 

Proof, (a) Some model V[G] with p € G satisfies -i^; hence assume q € G such that q II — <(j>. 
An extension r oi p,q is smaller than p and forces -Kp. 

For the converse, pick a generic G containing q with q II — i(p; then in the model L[G], -<(p 
holds, hence p can not force (p. 

(b) follows from (a), 

(c) If p Jh (p{a), some extension g of p forces ->(p{a), by picking some generic G with q G G, 
one comes to a contradiction. 

For the converse, given G with p G G, we get for any a,V[G] ^ (p{Kc{a)), therefore 
p Ih \/x(p{x). 

(d) Let G be generic with p e G. Theny[G] \=^''3x<p{x)", thus for some t, y[G] ^“^(A'G(t))”. 

Pick q G G such that q Ih (p{t). Then any r extending both of p, q forces (p{t). □ 

Theorem 1.2.3. IfV satisfies AG, then so does V^[G]. 

Proof. We will well order a set x of P[G]. Now every element of x has a name: 

Vp G x3b,y = Kcib). 

This is a statement in V^[G]. Given y, we can consider the first ordinal ^ such that 

3b GV^,y = Kaib). 

By replacement we bound the search for the names. Now Kq is an onto map from a well- 
ordered set onto a set that contains x\ hence x is well-orderable. □ 
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Definition 1.2.4. P satisfies the K-c.e. if all antichains of ¥ have size < k , where an 
antichain A is a subset of P consisting of pairwise incompatible elements. 

Theorem 1.2.5. (Assume V satisfies AC)If¥ satisfies the k-c.c. where k is regular, then 
forcing with P preserves all cardinals > k. 

Proof. Assume not; so there is one, say h : A A+, for some regular X > k. Some p in G 
forces 

“h is a function from A onto A+”. 

Given a < A, pick a maximal antichain Aa consisting of conditions q such that q < p and 
q \\-“h{a) = (5”, for some <5 < A'*". 

Given any q, S is unique. The set of possible S’s is therefore of cardinality < k, as one 
has A many a’s, this gives at most A possible S’s altogether. Let X be the set of these S’s. 

Claim 1.2.6. In ^[G], the range of h is included in X. 

Proof. Otherwise, pick (5 < \, p ^ X such that h{(3) = p. Pick q <p such that q lh“^(/3) = p”. 
Ap is maximal, so q is compatible with some q' S Ap. A common lower bound r of q,q' 
forces 

r lh“ h (/3) = p”, piX, 
r \¥‘h{/3) = S”, S€X. 

Gontradiction □ 

□ 


It follows that the range of h can not cover A’*'. 



Chapter 2 

Random forcing 

2.1 Adding one random real 

Let’s start with the definition of the forcing notion. The random (real) forcing R is the set 
of compact sets of the real line of measure > 0. 

Lemma 2.1.1. The forcing R. has the c.c.c. (countable chain condition): any antichain is 
countable. 

Proof. Define a semi-metric d on the set of compact subsets of the real line by 

d{K,K') = tx{KAK'), 

where p is the lebesgue measure and A is the symmetric difference. In the associated 
topology, there is a countable dense set namely the finite union of closed intervals. Indeed 
let K be given, K is covered by an open set U with /i([/ \ K) < e/2, and a finite union of 
intervals V = ljr=i(®*’^d) such that V CU and fJ,{U \ V) < e/2. Therefore fj,{KAV) < e, 
and V is of required type. 

Now if 2e < yt{Ko) and d{K, Kq) < e, d{C, Ko) < e, then K, C are compatible. From this 
it follows that there is a countable basis of the topology consisting of sets C„ such that any 
two elements in C„ are compatible. The c.c.c. easily follows. □ 

Let G be generic for the above set of conditions. The intersection of all compact sets in 
G is a real. 
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Remark 2.1.2. Actually the compact sets do not remain compact in We replace them 

by their closure. 

The uniqueness is proved as follows: If not, let g,g' be two elements of the intersection. 
Let q G Q, g < q < g'■ Now we claim that 

{K : K C (—00,(7) OT K C ((7,+00)} 

is dense, therefore a generic cannot contain both of g and g'. 

Lemma 2.1.3. The real g does not belong to any Gs set X of zero measure coded in V. 

Proof. Let X = C\n<uj where each {/„ is an open set, ({/„ : n < w) is decreasing and 
h(Un) —>■ 0. We then note that 

{K : 3n, iL n [/„ = 0} 

is dense. This is because given we can pick n such that LI [/„) < g.{Ko)/2. Then 

K[j\Un is a compact set, if it is of measure > 0. From this the result follows immediately. □ 

We have a converse: Let 77 be a real; let 

g = {K : K is a. compact set coded in V and g £ K}. 

Lemma 2.1.4. g is generic iff g does not belong to any Gs zero measure subset o/M coded 
in V. 

Proof. We have only one implication to establish. Properties (1) and (2) of genericity are 
clear. Let us see the third one. Let I? be a dense set in V. Pick a maximal antichain A of 
elements of U. A is countable. 

Claim 2.1.5. [J{K : K £ A\ is an F„ set whose completion is of zero measure. 

Proof. Otherwise some K' is included in the complement with g{K') > 0. Replacing a 
smaller one K, we can assume K £ D. This contradicts the maximality oi A. □ 

Now the real g does not belong to the complement of the set \J{K : K £ A} of P[G], 
hence for some K,g £ K. □ 
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It should be noted that if we go from G to g and then go to g, we get G C g. Equality then 
follows from the following general lemma. 

Lemma 2.1.6. IfG,G' are both T—geenric over V and G C G', then G = G'. 

Proof, li p G G' \G, then the set 

Dp = {q GW’ : q < p or q is incompatible with p} 

is dense, hence G fl Dp ^ 0. Pick q G G C\ Dp. li q < p,p G G, contradiction. Otherwise q is 
incompatible with p, then as p, q are both in G', we also get a contradiction. □ 

Lemma 2.1.7. Any real x ofV[G] is the value on g of a Borel measurable function ofV. 

Proof. We only treat the case of reals of the interval [0,1]; by adding a positive or negative 
integer it is possible to restrict ourself to this case. We first pick a condition Kq such that 

Kq II““x is a real of [0,1]”, 

Now for any element g of Q O [0,1], pick a maximal antichain Ag consisting of conditions 
K < Kq such that K 11““^ < g”. Ag is countable and we let Xg = UjitT : K G Ag}. Xg is 
an F„ subset of M. We let <I)g be the function whose value is q on Xg and is 1 otherwise. 
Finally we define $ to be infggQ <I)g. 

Claim 2.1.8. The value o/d* at g is exactly x. 

Proof. First we show that $(g) < x. Otherwise, there is q G Q such that x < q < $(g). Now 
some condition L of G is such that L < Kq and L lh“x < g”. Now it is easily seen that the 
set 

D = {L' : L' is incompatible with L, or L' is below L and some condition from Ag} 

is dense. We pick some L' G GllD; L' is a subset of Xg and therefore d)(g) < g, contradiction. 

Now we show that x < d)(g). Otherwise for some g, <I)g(g) < x. This implies g G Xg, 
hence d*g(g) = g. But then g belongs to some K G Ag, contradiction as K 11““^ < g.”. □ 

The lemma follows. □ 

Using Lusin’s theorem from measure theory, together with a density argument we get 
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Theorem 2.1.9. Any real in V[G] is the image of a continuous function of the ground 
model defined on a compact K of positive measure such that g € K. 

Corollary 2.1.10. Any real in V[G\ is included in some nowhere dense closed set of the 
ground model V. 

Proof. First of all, there is a Gs dense subset of zero measure in V, say X = C\n<uj so 
that g ^ X. Hence g belongs to one of the complements, call it F. 

In order to treat the general case, we use the fact that a real x is the range of g via 
a continuous function $ of V, defined on a compact set K,fj.{K) > 0. Now n F"] is a 
compact nowhere dense set coded in V and contains $(g) = x. □ 

From the Corollary it will follow, once we know Cohen generic reals, that no such real 
appears in H[G]. We close discussing the single random real model by the following. Let 
be the reals of the ground model V. 

Theorem 2.1.11. (a) is meager, 

(b) R.^ is not measurable. 

If we consider the effects of adding many random reals, then we have the following. 

Theorem 2.1.12. (ZFG) The following are eguivalent: 

(a) Every E 2 set (PGA) is Lebesgue measurable, 

(5) Almost all reals are random over any inner model L[cx\,a G R. 

2.2 Collapsing 

The set of conditions Col(Ho,Hi) is 

{p : p is a function from a hnite subset of Hq into Hi}, 
ordered by reverse inclusion. 

Lemma 2.2.1. In the generic extension, there is an onto map from Hq —>■ Hi 
cardinals remain cardinals (because |Col(Ho,Hi)| < Hi}. 

Theorem 2.2.2. (CH) In H[G], almost all reals are random over V. 

Proof. The Borel sets of zero measure coded in V form a countable set. 


. Also other 


□ 
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2.3 Amoeba forcing 


The set of conditions this time is 

{K : K is compact C R and fi{K) > 1}, 

ordered by inclusion. 

Lemma 2.3.1. This set satisfies the c.c.c. 

Proof. Very similar to the case of random forcing. □ 

Theorem 2.3.2. The intersection of the compact sets of the generic is a compact set of 
measure 1 consisting of random reals. 

Proof. We prove it consists of random reals. Let B he a Borel set of zero measure coded in 
the ground model. {K : K D B = 9} is dense. This gives the result. 

To prove that the measure of the intersection is at least 1, assume on the contrary it 
is < 1 — 5. Some open set U covers the intersection with p,{U) < 1 — S/2, and it can be 
replaced by a finite union of open intervals Uq. Now fx(K \ Uq) > S/2, for any K in G. 
Hence fi]{K \ [/q : if € G} 7 ^ 0, by compactness. □ 

2.4 The covering forcing 

We force with the set of pairs (fc, /) such that 

1. fc is an integer, 

2. / is a function from uj into the finite subsets of w such that Vn, \f(ri)\ < n, and |/(n)| 
is bounded. 

il,g)<{k,f) iff 

1. I >k, 

2 . g \ k = f \ k, 

3. 'in,g{n) D /(n). 
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It is easily seen that the c.c.c. holds. Let G be generic and let the map from w into the 
finite subsets of w, obtained from the generic set. 

Lemma 2.4.1. (a) |d)(n)| < n, 

(5) Any element a of u;‘^ of the ground model is eventually covered by $, i.e. 3p\/n > 
p, a{n) € <i)(n). 

This is proved by a simple density argument. 

Theorem 2.4.2. In almost all reals are random over V. 

Proof. We need a lemma. 

Lemma 2.4.3. {ZFC) Given a set A of measure 0, there exists a sequence of basic sets 
(i.e. finite union of open intervals with rational endpoints) Wn such that 
(a) A C lim Wn, 

{b) pi{Wn) < 1/2". 

Proof. Let 6 : uj x oj ^ uj he a. bijection such that 0{p,q) > p, except for p = g = 0. We 
then pick up a sequence of open sets Up ^ A with p{Up) < Up can be written as 

a disjoint union of intervals which we enumerate as Ipj. We then define by induction on q 
integers Ip^q in such a way that Ip^ = 0 and /i(lJr>ip, ) < 

Let be r ■ ^p,q T ^p,q-\-l }. We get p{Vp^q) < So we can slightly 

extend Vp^q in order to get a basic set Vp^q satisfying the same inequality. 

Clearly any a in A belongs to some Vp^q, for fixed p; hence to infinitely many of them. 
We finally let Wn = Vp,q if d{p, q) = n. □ 

Remark 2.4.4. By the Borel-Cantelli lemma, it follows that limW„ has measure 0. 

We now complete the proof of the theorem. Let Wn,i be an enumeration of basic sets of 
measure < 1/2". If $ is given by the generic, we consider lJiG$(n) 

Now if A is a Borel set of zero measure, there is by Lemma, an a : w —?■ w in C such that 
A C \imWn,a{n)- Hcncc because a is almost contained in $, we get A C limlj.g,^^^^ Wn,i. 

But Uie$(n) has measure < n/2". Hence A is included in a fixed zero measure set 
ofF[G]. □ 
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Chapter 3 

Cohen forcing 

3.1 Adding one Cohen real 

Let’s start with definition of a new forcing notion. P here is the set of open intervals with 
rational endpoint. This set of conditions is countable, hence all cardinals of the ground 
model remain cardinals. Let G be P-generic over V. 

Lemma 3.1.1. There is a single real g which belongs to all intervals (r,s) with (r, s) € G. 

Proof. Let a = sup{r : (r, s) G G} and f3 = inf{s : (r, s) € G}. First of all note that a < (3, 
as otherwise some conditions (ri,si), (r 2 ,S 2 ) of G are such that ri > S 2 - This contradicts 
compatibility. Now if a < /3, then we pick q € Q such that a < q < (3, and we use the dense 
set Dq defined by 

Dq = {{s,t) : (s,t) C {-oo,q) or (s,t) C {q,+oo)}. 

Once a condition of G is in Dq, it will get a, (3 < r or r < a,j3, contradiction. Thus a = j3, 
which we denote g. □ 

Lemma 3.1.2. The real g does not belong to any closed nowhere dense set coded in V. 

Remark 3.1.3. Such a real is called Cohen generic. 

Proof. Let F be such a set. If p is given, then p is an open set and p \ F is open and 0, 
hence q<p can be found disjoint from F. Hence Elg G G, gflF = 0. The lemma follows. □ 


15 



Conversely if g is given, then the set of intervals including g can be constructed and 
denoted by g 

Theorem 3.1.4. g is generic iff g does not belong to any nowhere dense closed set ofV. 
Proof. Let I? be a dense set; the union of the intervals in D is an open set X. 

Claim 3.1.5. It is dense. 

Proof. Otherwise, some interval (r,s) is disjoint from it, but there is (ro,So) Q s) such 
that (ro,so) € D, but then (ro,so) Q X, contradiction. □ 

Now g belongs to X, so it belongs to some interval of D. □ 

It should be noted that if one goes from G to g, and back to ff we get G Q g, hence 
G = g. 

Lemma 3.1.6. Any real ofV[G] is the value of g of a Borel measurable function. 

Proof. We assume the given real x belongs to [0,1]. Let 

Iq lh“£ is a real of [0,1]”. 

Then for any rational number q we consider {/ : I 11““^ < g”}. Taking the union of these 
conditions I yields an open set Uq. We let to be q on Uq and 1 otherwise, the required 
function is $ = infggQ <I>q. 

Claim 3.1.7. The value o/d* at g is x. 

Proof. It is easy to show that x > d>(g). In the other direction, if a; > d>(g), then for some q, 
X > ^q{g). This means g G Uq, hence for some I, g G I,I < g”, contradiction, because 
^g(5)=9- □ 

The lemma follows. □ 

Corollary 3.1.8. Any real is the value at g of a eontinuous funetion of V defined on a 
dense Gs subset of R 

Proof. This is because a Borel measurable function can be restricted to some dense Gs 
subset X so as to become continuous on X. □ 
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Other properties of the model are given in the next lemma. 


Lemma 3.1.9. (a) K.'^ does not have the Baire property. 

(b) is of zero measure. 

Note that (a) implies that no real in is random: this is because a single random real 
makes meager. 

3.2 Adding Cohen reals side by side 

Let K be a cardinal > uj. We force with the set of functions p with finite domain C k x lo 
into {0,1}. 

Lemma 3.2.1. This set has the c.c.c. 

This is a consequence of the so called A—lemma, which is a valuable tool in establishing 


Lemma 3.2.2. (A—lemma) Let W be an uncountable collection of finite sets, there is an 
uncountable .Z C W and a finite set S, such that 

yX,Y € Z,X ^ Xf]Y = S. 

Proof. Let W be an uncountable collection of finite sets. We may assume that for some n 
we have \/X G W, |A| = n. Then the lemma is proved by induction on n. the lemma is 
trivial for n = 1. Assume n = m + 1, and the lemma holds for m. 

Case 1. Some element a belongs to uncountably many A’s; we restrict the attention to 
the set Wo = {X \ {a} : X € W and a G A} and apply the induction hypothesis. 

Case 2. Each a belongs to countably many A’s. Then there is a disjoint family (X^ '. 
a < Hi) constructed as follows: the X^,, a < fi have countably many elements, hence some 
element Y is such that Va < /3, T fl X^ = 0. We define this as X^. □ 

We now turn to the proof of Lemma 3.2.1. 

Proof. If an uncountable antichain (pj : ^ < Hi) exists, the domain can be made to satisfy 
the conclusion of the A—lemma. Now the value S of dom{p^) H domipfi) is fixed and p^ f S 
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values in a countable set, extracting one more time, we may assume \ S is constant. But 
then any two conditions are compatible. □ 

Theorem 3.2.3. the family 

= X]/({,n) = l,n>l 1/2" 

is a set of distinct Cohen generic reals. 

Proof. We first prove each is generic. Let F be a closed nowhere dense set of the ground 
model, and let D = {p : for some n,p{f, 1), ...,p{f,n) are defined and s = i)=i i<n 1/^* 
and t = s + 1 / 2 " are such that [s,t] fl F = 0 }. 

We claim that this set is dense. This follows from the fact that F is nowhere dense and 
is just technical. We then note that it p € G C D, then € [s,t]; so that aj ^ F. 

In order to show that the a^’s are distinct, then as they are not rational, we have only 
to exhibit distinct dyadic developments. Now if ^ 7 ^ C, it is easily seen that 

{p : 3n,p{f,n) ^p{C,n)} 

is dense; the required result follows. □ 

In particular if we take k = N 2 , we get a model where CH fails. We also have the 
following 

Theorem 3.2.4. (ZFC) The following are equivalent: 

(a) Every E 2 set has the Baire property, 

(b) The set of reals Cohen generic over any L[a\ is comeager. 

We stop for a while in the connection between 2“ and [0,1]; the continuous map 

e-.a^ E“^oa(n)/ 2 "+i 

has the following properties: 

1. The range of a closed nowhere dense set is a closed nowhere dense set, 

2. The inverse image of a closed nowhere dense set is also a closed nowhere dense set. 
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From this it follows that if a belongs to no nowhere dense set of V, then 0(a) is generic. 

So finally if the union of all closed nowhere dense sets of 2“ with a code in V is meager in 
2‘^; then the same happens in [0,1] and therefore the set of generic reals over V is comeager. 

We now consider the set of non-empty closed nowhere dense sets of 2“ and force with 
conditions which are pairs (k,F) where k is an integer and F is a nowhere dense closed set. 
If F is such a set, the tree Tp of F is defined as follows: If s S 2^*^, we let 

s = {a S 2“ : Of extends s}. 

Then Tp = {s : s n F 0}. (I, G) < (k, F) iS I > k and Tp n 2^= = Fq n 2^ 

Lemma 3.2.5. The set of conditions satisfies the c.c.c. 

Proof. This is because conditions (fc, F), (k, G) such that Fp n 2^ = Tq H 2^ are compatible 
(common extension is (fc, F U G)). □ 

If a generic set g is given, we consider the tree 

F = {s : 3{k, F) G g, |s| < k and s G Fp} 

and the closed set 

$ = {a : Vn,Q; \ n G F}. 

Claim 3.2.6. <I> defines a nowhere dense closed set. 

Proof. This is because if s is given, then the set of conditions 

{{k, F) : for some extension t of s of length k,t ^ Fp} 
is dense. □ 


Now the result that the generic reals are comeager is achieved by the following. 

Lemma 3.2.7. Any nowhere dense set in V is covered by a finite union of translations of 

d>. 


The translations are defined from hnite subsets m of a; by 

Q;(n) = l3{n) 


Tu(a) = (3 iff 


a(n) = 1 — /3(n) 


A n ^ u, 
if n G M. 
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They are continuous automorphisms of 2“^. 


Proof. We let Fq be a non-empty nowhere dense set of V. Given a condition {k,F), we 
define a new condition (fc, F'), where a € F' iS a \ k € Tp, a € F or a € Tu{Fq) for some 
u C {0, k}. 

This is a closed nowhere dense set and {k, F') is an extension of {k, F). Now given P € Fq, 
we can define u C {0, k} such that Tu{P) is in F', i.e. P S Tu{F'). Therefore 

Finally we have shown that the set of conditions (fc, F') such that Fq C Tu{F') 

is dense. The result follows. □ 
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Chapter 4 


Sacks forcing 


If g is Cohen generic over V, then there are A, B C uj, A, B G V[g] such that A and B are 
independent, in the sense that A ^ V[B] and B ^ V\A\. Take A to code up g f {2n : n < w}, 
B to code up g \ {2n + 1 : n < w}. Sacks found a way to add a generic s : w —> 2 to C 
so that the above doesn’t happen: A A,B G C[s] {A,B C w) and A ^ V, then B G V[A], 
thus if C = L, then L[s] \=^‘ZFC+ there are exactly two degrees of constructibility”, where 
for A C w, the constructibility degree oi A = {B C to : A G L[B] and B G We will 

consider in this chapter this result and other facts about Sacks forcing. 

4.1 Sacks reals 

For u,v G let u < u if m is an initial segment of u, u < u if m is a proper initial 

segment ot v, u v ii u ^ v and v ^ u. A perfect subtree of 2^*^ is a nonempty T C 2<‘^ 
which is downward closed {u G T,v < u ^ v G T) and splits above each node {u G T ^ 
3v,v',u < v,v',v v'). Let Leu„(T) be the set of nodes on the n-th level of T. Let 
stem{T) = {u G T : Vv G T{v < u ^ v has only one immediate successor in T)}. For 
t G T,Tt = {u G T : u <t OT t < m }. 

Then S, the partial ordering for adding a Sacks real s : w —>■ 2, is {T : T is a perfect subtree 
of 2<“}, ordered by inclusion. Then if G is §-generic over V, define s = UreG stem{T); by 
genericity it is easy to see that s : oj ^ 2, say s is the Sacks real associated to G. 
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Lemma 4.1.1. V[G] = V^[s]. 


Proof. Clearly s € V[G]. To see G G L[s], we claim 

G = {T G S : s is a branch through T}. 

The C is not hard to check. Now suppose T G S, and U lh“^ is a branch through T”. Then 
we claim U Q T (for if not, we could extend U in such a way as to force that s is not a 
branch through T). Whence U \\-“T G F” (where F is the canonical name for G) and we are 
done. □ 

Lemma 4.1.2. § is weakly (oj, oo)-distributive, i.e. ifT \\-“t : uj ^ V, then 3(F„ : n < uj) € 
V, each Fn finite and U FT such that U Ih'Vn < uj,T(n) G Fn”. 

We will prove the lemma by a “fusion argument”, that we now explain, and below will 
refer back to it without details. For T, [/ G S and k < to let U <k T it U CT and {7<fe = r<fe, 
where T<fc = U„<fe Levn{T). 

Fusion Lemma: Suppose that T(0) > T(l) > ... is a decreasing sequence of conditions 
in S and ko < ki < ... < oj are such that T{n + 1) <k„ T{n), and such that for each 
t G Levk„ {T{n)), there are u,v > t,u no v and u,v € T{n + l)<fc„+i ThenT(w)=^„nr^) 
is a perfect tree extending each T(n). 

We now turn to the proof of Lemma 4.1.2. 

Proof. Let r(0) = T, pick ko < uj he arbitrary, and for each t G LevkfiTfi))) pick S{t) < 
Tt and vt € V such that S{t) lh“r(0) = Vt”. Let F{0) = {vt : t G Levko{T{0))} and 
T(l) = lJ{S'(t) : t G LevkoiT{0))}. Let ki > ko be such that the splitting condition for 
each t G Levko(T{0)) is satisfied. Now construct T(2),T(3),... similarly. Then T{uj) ll-“Vn < 
w, T(n) G Fn \ since every extension of T(u;) must be compatible, for each n, with one of the 
S{tys defined at stage n. □ 

Lemma 4.1.3. For s Sacks generic over V, = uji and if CFl holds in V, then 

Gard^[®l = Gard^. 

Proof. = wi follows from Lemma 4.1.2. If GH holds in V, then since |S| = 2^“,S has 

the H 2 — c.c, so cardinals above wi are preserved from V to I4[s] as well. □ 
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Note that if Vh is a generic extension oiV,A (1 uj,A \ V, then there is an infinite 
B Q Lo, B (i W such that no infinite subset of B lies in V. To see this, take a bijection 
/ : LU, f €V and let B = {f{Ar\n) : n < uj}. For W = ^[s], s a Sacks real, the next 

best thing happens: there is an infinite C Q uj,C G V with CCAotCCuj\A. Written in 
terms of functions, this is 

Lemma 4.1.4. If s is Sacks generic over V, then every / : a; —>■ 2, / G L[s] has an infinite 
subset belonging to V. 

Proof. Otherwise some T lh“/ : a; —>■ 2 has no infinite subset in L”. For {7 G S, say that U 

r\j 

decides /(n) {U\\f{n)) if for some i < 2,U lh“/(n) = i”. By the assumption on T, for every 
U < T, {n : U \\ f (n)} is finite. Now do a fusion argument to construct a sequence T = 
TiO) >ko T{1) >fci ... and kg < ki < ... < oj. At stage n, let V = {T{n)t : t G LeVk„(T{n))}. 
By the above finiteness assumption, there is an such that no C/ G V decides /(to„), 
so for each such U, pick an Su < U, Su ll-“/(m„) = 0 ”. Then let T{n+ 1) = Uc/ev 
and pick fc„+i as in 4.2.1. Letting T{u!) = h{mn) = 0, all n < w, then 

T(w) lh“/i C /”. □ 

We now show that Sacks forcing leads to a minimal generic extension. 

Theorem 4.1.5. Suppose s is Sacks generic over V. If A,B G V[s\,A,B C uj and B ^ V, 
then A G L[i3]. 

Proof. It suffices to show s G Suppose T 11-“^ ^ and B ^ L”. We will construct 

a fusion sequence T = T{0) >ko T{1) >ki such that letting T{uj) = f]^T{n),T{uj) will 
have the following property: if t G T{oj) is a Sacks node (i.e. t'~'0,t'~'l G T{uj)), then there 
is a m such that either 

T(w)t^o ll-“m G and lh“m ^ 

or 

T(w)t^o i and lh“m G IP’. 

Furthermore the function 1 1 —> m is in L, so assuming r(w) is in the Sacks generic set, s can 
be reconstructed from B, that is T{uj) 11-“^ G V\Bf’, a contradiction. □ 
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4.2 Adding many Sacks reals 


A number of independence proofs require one to add K-many Sacks reals to V rather than 
just one. If K is a cardinal (finite or infinite), the partial ordering for adding K-many 
Sacks reals, is the set of all / : k —> §, such that {a < k : f{a) ^ 2^“^} is countable (where 

§ is the Sacks forcing). Order by / < (/ <^ Va < k, /(a) < g{a). Thus if k < w, is just 

the K-fold direct product of S. We consider which of the above results generalize to S^. 

Lemma 4.2.1. The analogues of Lemmas i-l-l, 4-1.2 and 4-1-3 for S„ hold. 

Proof, (a) : If G is S-generic over V, a < k, let Sa = U/gGThen each Sa is 
Sacks generic and V[G] = y[(sa : a < n)] as before. 

(5) : To prove the weak distributivity of S^, we need the following version of the fusion 
lemma. For / G Sk, the support of / is the countable set supp(/) = {a < k : f{a) ^ 2<“}. 
Generalized fusion lemma: suppose /(O),/(I),..., ao,ai,... and ko < ki < ... < lo are 
such that 

1. /(n+ 1) < fin), 

2. for each a G {oo, ««}, f{n + l)(a) O 2<^" = f{n){a) 0 2<^”, 

3. for each a G {oo) Q^n}, each t G ifin){a))k„ there are u,v > t such that u oo v and 

u,v G (/(n+ l)(a))<fc„+i, 

4. {a„ : n < w} = U„ supp(/(n)). 

Then /(w) : k —>• S defined by f{oj){a) = P|„ /(^)(«) is a member of S„. 

Now given / \\-“ g : oj —>■ V'’, construct a fusion sequence / = /(O) > /(I) > ... reducing 
the possible values of g (n) to a finite set Fn at the n-th stage of the fusion sequence, and 
simultaneously choosing {no, oi,...} so that 4 holds at the end. 

(c) : again follows from (b) above. A A-system argument, assuming 

2^0 = Hi in V, gives that has the H 2 — c.c. □ 

Lemma 4.2.2. The analogue of Lemma 4-1.5 fails for S„. 
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Proof. By genericity Sa ^ ^[S/s] for a ^ /3. It is true though that if A C w, A G V[{sa '■ a < 
k)] \ y, then there is some a < k with Sa &V\A\. □ 

The reminder of this section is about the analogue of Lemma 4.1.4 for and related 
results. 

Theorem 4.2.3. If A C uj,A € ^[(sq. : a < k)], then there is an infinite B C uj, B G V 
with B C A or B Q u)\ A. 

Proof. We first consider the case k = d < uj. Given a condition {Ti : i < d) G Sd, and a term 
A for subset of w, a fusion argument gives T/ <Ti{i< d) and an inhnite C G oj such that 
for each n G C there is an f^eu„(T/) —>• 2, such that for each t = {to, ...,td-i) G 

<S>^<d^ev„(T/) 

lh“n G h„(to,...,td-i) = 1 . 

What we would like is an 1 < 2, an inhnite C C C and T" < T'{i < d) such that for each 
t G ®i^d^^'^ri{T”), when n G C ,hn{t) = 1. A version of a combinatorial theorem of Halpern 
and Lauchli gives this fact; it was originally proved by them for a different application, and 
has had a number of other uses. If T = (Tq, ...,Td-i) G Sd and C C oj, dehne T to be 
Unec ^{Levn{To),..., Lev„(Td_i)). 

Lemma 4.2.4. (Perfect tree version of the Halpern-Lauchli theorem) If T G Sd,C C to is 
infinite, T = Kq U Ki, then there are T' < Ti, T' = {T(,..., G Sd, an I <2 and an 

infinite C' Q C with T' C Ki. 

We state a stronger form of the lemma. If T = (To,..., Td-i) G Sd,n < oj, an n-dense 
sequence is an Ao,..., Ad-i such that for some m > n, each Ai C LeVm{Ti) and for each 
t,Vt G LeVn{Ti)3u G Ai,t < u. For t G m-sequence above t is an m-dense 

sequence in ((To)to,..., (Td_i)t^_J. 

Lemma 4.2.5. (Dense sequence version of the Halpern-Hauchli theorem) If d < lj,T G 
Sdj C Q OJ is infinite and T = Kq U Ki, then either 

1. \/n3n-dense sequence Aq, ...,Ad-i with A C Kq, or 

2. 3t G ^T\/n3n-dense sequence Aq, ..., Ad-i above t with {^A C Ki. 
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Proof. Let k = D2d-i(^o)^- Let P be the partial ordering for adding /t-many Cohen generic 
branches < d,a < k) through each T^. Thus 

p GF ^ p = {pi : i < d), where dom(pi) C , range(pi) C Ti. 

Then define 

p < q < (i(dom(pi) dom((3'i) and for each a G dom{qi),pi{a) >Ti 'Zi(a))- 

Note that two conditions p, q are compatible if Vi < cNa G dom(pi) fl dom{qi){pi{a) < qi{a) 
or qi{a) < pi{a)). We will use the machinery of forcing with P rather than actually taking 
a generic extension; we will informally use the notation V[G] for the imaginary generic 
extension. Let U he & name in the language of P such that 

ll-p “{7 is a non-principal ultrafilter on uj with C G C/”. 

Recall that in V[G],bi^a is the a-th generic branch through Tp. bi^a = {t G Ti : 3 p G 
G,pi{a) = t}. In R[G'], define for ao < ai < ... < ad-i < k 

{ao,.., ad-i} G Ki ^ {n: {bo ,ao 7 ■■■7 ^d—l,ad-i )gKi}g U. 

Back in V, pick for each ao < ai < ... < ad-i & ps G P and an Is < 2 such that 
PS ll-“{ao,--.ad-i} e KiT as follows: If ll-p“{ao,.., ad-i} G Ko\ let {ps)i = {(a*, stem(Ti))} 
for each i < d. Otherwise pick ps arbitrary forcing {aoi ctd-i} G iVi, where by extending 
we may assume G dom(p5)i for each i < d. Define the type of ps to be {{ps)i{o:i) ■ i < d), 
a member of T. 

If ao < ... < a2d-i, let Ys = {ao,ai} O {0:2,0:3} O ... ® {a2d-2,C(2d-i}- If for some 
7, (5 G Ys,p^ jj" pg, let W (a) be a witness of this fact (for example, if 7 = {ao, a2, a4,...} and 
S = jai, as, a5,...}, IT (a) could be taken as {i,j, k, t, u), where t,u G Ti,t incompatible with 
u, and for some ordinal 6 , 9 =the j-th member of dom(py)j =the fc-th member of dom(p^)i 
and {p;^)i{ 6 ) = t and {pg)i{ 9 ) = u). If for all 7, (5 G Ys,p^\\p^, let IT(d) = 0 . 

Color [kY'^ by c({ao,..., a2d-i}) = (the I with Pao,...,a2d-i ll-“{ao,..., ad_i} G Ki”, type 
Pao,...,ad-n •••) 02d-i))- Then |range(c)| < Hq, so by Erdos-Rado theorem choose an 

infinite B C k such that c is homogeneous on Then 

1. there is ? < 2 with ps ll““{ao,..., ad-i} G Ki \ all a from B. 
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2. there is (to, id-i) € (^ T with {ps)i{^i) = ■■■i ocd-i from B. 

Claim 4.2.6. If ao < ... < a 2 d-i from B and f,d€ Y^, then Pj\\pg. 

Proof. Otherwise for all a from B, W (a) is the same witness to incompatibility. Assume the 
incompatibility is PaQ,a 2 J ■■■ -tt Pai.as, via {i,j, k,t,u) as in the example above; the other 
patterns are handled similarly. Pick a sequence ao < /^o < 7o < Q^i < /?! < 7i < < 

ttd-i < I3d-i < 7d-i from B. Using lU(ao,/3o, «!, •■•) = hP(ao, 7 o,ai, ...) = lU(/3o, 7o, /?i, •■•) 
obtain 0 = the j-th member of dom(p 5 )i = the k-th. member of dom(p^)i = the fc-th member 
of dom(py)j, but also {pjg)i{0) = t and {pp)i{0) = u, a, contradiction. □ 

We are now ready to complete the proof. Given the t from (2) and an n < w, we want to 
find an n-dense sequence F above t with ^ F C Ki {I as in (1)). Let W = |ieu„((Tj)t J|, 
pick Hi F B oi size Ni {i < d) with a G Hi, P £Hj^a<P{i<j< d). Let 
Z = {(ao,..., ad_i) : Vi < d,^i G Hi]. Then if p,5 G Z, then p^\\pg. Let p extends all 
py ,7 G Z. Extend p to p such that for all i < d,pi \ Hi is 1 — 1 onto LeVn{{Ti)tf). Now 
p^ lh“6y G Ki \ i.e. V=f = {n: b;:j{n) € Ki] G U. Extend p to p such that for some m, 
p lh“m G Plij; Vy”. We may assume by extending further that for each i and S G Hi there 
is a G LeVm{{Ti)t.) with p \\-‘Hs G bi/’. Let Fi = {ts : 6 G Hi}. Then {Fi : i < d) is an 
TO-dense set above t with ^ F C Ki, as required. □ 

This gives a proof of 4.2.3 for E>d, d < oj. For the case of k inhnite, it is not hard to 
see by a fusion argument that it suffices to show for k = to. For this we need the following. 

Lemma 4.2.7. (oj-dimensional version of the Halpern-Lauchli theorem) If T G C uj 

is infinite and T = Kq U Ki, then 31 < 23C' C C infinite 3T' < Ti with T' C Ki. 

As for a dense set version of this lemma, one can get a result giving either dense sequence 
in color class Kq or perfect subtree in color class Ki. □ 
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Chapter 5 


Namba forcing 


In this chapter we present, under CH, a forcing construction of Namba, which changes the 
cofinality of H 2 into Nq without adding any new reals (and hence without collapsing Hi). 

5.1 Changing cofinality of ^^2 into ^^o without adding new 
reals 

Let’s start with the definition of forcing conditions. The Namba forcing NM consists of pairs 
(t, T), where 

1. T C oj^‘^ is a tree, i.e., it is closed under initial sequences, 

2. t is the stem of T, i.e., for all s e T, s ( |t| = t and | SuCT(t)| > 1, where SuCT(t) = 

{t'~'{a) : G T}, 

3. For each s € T there is s' >t s such that | Suct(s')| = ^ 2 - 

Note that a Namba tree T can be pruned so as to get that | Suct(s)| € {1)1^2}, for each 
s G T. Thus we will always assume that Namba trees are of this form. For a tree T and 
t G T, set Tt = {s G T : s <t t or t <t s}- 

Namba forcing is equipped with the partial order (s, S) < (t, T) ift s G T and S QTg. 
Lemma 5 . 1 . 1 . Let G be NM.-generic over V. Then = Hq. 
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Proof. Let C = lj{t : 3T, {t,T) € G}. It is easily seen that C is an w-sequence cofinal in 
H2. □ 

Lemma 5.1.2. {CH) The forcing NM adds no new reals. 

Proof. Let {t,T) G NM, and let ^ be a NM-name of a real, i.e., : w —>■ w”. We will 

construct a stronger condition (t,T*) < (t,T) such that for each n < oj and each 77 G T*, 
there is v > rj such that for each s G Suct*(j^), (s,T*)||^(n) ((s,T*) decides a{n)). 

For duration of the proof, define recursively the following for a tree T with stem t: 

1. Suc5-(t) = SuCT(t), 

2. Levg(T) = SuCT(t), 

3. Vs G Lev* (T), Suc^(s) = Suct(s'), where s' > s is minimal such that | Suct(s')| > f, 

4. Lev:+i(T) = {s : s' € Lev:(T),s G SucJ(s')}. 

The construction of is done by induction. 

Case m = 0: Set = T. 

Case TO = n + 1: Suppose the tree T" is constructed. For each s G Lev* (T"), choose a 
condition (/(s),S'®) < (s,T”) such that (/(s), S"*)||^(n). Let r"+^ be the initial closure of 
the set {/(s) : s G Lev* (T")} together with = S'®. The following is immediate: 

1. < (t,T”). 

2 . Lev:(T"+i)=Lev:(r"). 

3. (s,r”+^)||^(n), for each s G Lev*(r”+^). 

Set T* = C\n<uj immediate that for each n < oj 

1. {t,T*) < (t,T”). 

2 . Lev:(T*)=Lev:(T"). 

3. (s,T/)||^(n), for each s G Lev*(T*). 
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For each real x, we define the game Gx as follows: 

I ■ ao . a„ 

II : So ■ • ■ • . • Sn • • • 

where a„ and s„, for n < u) are defined as follows: 

player I chooses qq € [LevQ(r*)]-“i, and then player II chooses sq € Levo(T*) \ qq. At 
step n + 1, player I chooses a„+i G [SucJ. (s„)]-‘^% and player II replies by choosing some 

^n+l G SuC^^* (Sti) \g7i-I-1 . 

Player II wins iff for each n < uj, {sn,T*^) ll-“^(n) = x(n)”. Note that if player I wins 
the game, then he wins in a stage n < lo, and hence the game is open for one of the players, 
thus by Gale-Stewart theorem, there is a winning strategy for one of the players. 

Claim 5 . 1 . 3 . There is a real x for which player I does not have a winning strategy. 

Proof. Towards a contradiction, assume that player / has a winning strategy ax, for each 
real x. Build by induction the sequence (s„ '. n < uj) with G Lev* (T*) as follows: 

Case TO = 0: for each real x, set ag = ax{{)). Let oq = U{®(5 : a; is a real}. Since CH holds, 
|ao| < ^ 1 - Thus we can choose sq G Levg(r*) \ oq. 

Case TO = n + 1: for each real x, set = Ux^sq, ..., Sn)- Let a„+i = lj{®n+i : a; is a 

real}. Since CH holds, |a„+i| < Ni. Thus we can choose s„+i G Lev*_|_;^(T*) \ a„+i. 

Define the strategy r for player II to be the move in stage n of the game. Since G 
Lev* (T*), (s„, ) 11^. Thus we can define a real x such that for each n < uj, (sn, ) \\-“a{n) = 

x(ny\ But then player II wins the game Qx using strategy t, and we get a contradiction. □ 

Claim 5 . 1 . 4 . Let x be a real for which player II has a winning strategy for the game Gx- 
Then there is a condition stronger than (t,T*) forcing ^ = x. 

Proof. Let t be the winning strategy for player II for the game Gx- For n < uj set 

Sn = {T{ao, ...,a„) ■.\/i<n,ai& [Levi(T*)]^“i}. 

Note that necessarily |S'„| = H 2 , since otherwise player I could have removed S'„ from the 
tree and win. Let S* C T* be a tree satisfying Vn < uj, Lev* (S'*) = S„. Then {t, S*) ll-“£ = 
x’\ □ 

The lemma follows. □ 
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5.2 An application of Namba forcing 


In this section, we give an application of Namba forcing. Recall that 

Theorem 5.2.1. (Jensen’s covering lemma) Assume 0** does not exist. Then for any un¬ 
countable set X of ordinals, there exists a set of ordinals Y G L, the Gddel’s constructible 
universe, such that X QY and |X| = |y|. 

Now let V be the generic extension of L by Namba forcing, and let C € R be the added 
w-sequence cofinal in It is clear that C can not be covered by a countable set from L. 
So in Jensen’s covering lemma, we can not remove the uncountability assumption from the 
hypotheses. 
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Chapter 6 


Prikry forcing 


Starting from a measurable cardinal k, we present a forcing construction, due to Prikry, 
which changes the cofinality of k into w without collapsing cardinals. 

6.1 Measurable cardinals 

Let’s start with the definition of a measurable cardinal. 

Definition 6.1.1. K > No zs a measurable eardinal, if there exists a non-trivial elementary 
embedding j : C —> M, from V into an inner model M, such that crit{j), the least ordinal 
moved by j, is n and '‘M C M. 

Given a non-trivial elementary embedding j as above, we can form U = {A Q k : k G 
j(A)}. Then [/ is a normal measure, i.e., it is a non-principal ultrahlter on k, and 

1. U is K-complete: if A < k and {Aa : a < \} C U, then na<A € U. 

2. U is normal: if {Aa : a < k} C U, then Aa^nAa, the diagonal intersection of Aq’s, is 

in U, where Aq<kAq = {f<K: Aa}. 

We can also reverse the above construction, so that starting from any normal measure U 
on an uncountable cardinal k, we can construct an inner model Mjj and an elementary 
embedding ju '-V ^ Mu such that crit(j) = kA Mu Q Mu and U = [A C k : k G juiA)}. 
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Lemma 6.1.2. Let k be a measurable cardinal, U be a normal measure on k, A G U and let 
f : {0,1, 2}. There there is B G U, B Q A which is homogeneous for f , i.e., for all 

n < uj, f \ [S]" is constant. 

6.2 Prikry forcing 

Throughout this section, fix a normal measure [/ on a measurable cardinal k, which is 
derived from some elementary embedding j : V ^ M. The Prikry forcing Fu consists of 
pairs (s, A) where 

1. s G 

2. A €U, 

3. max(s) < min(^). 

The order relation is defined by (s, A) < {t, B) iff 

1 . s end extends t, 

2 . ACB, 

3. s\tCB. 

The intuition behind this is that we are going to add an w-sequence C cofinal in k; a condition 
(s, A) carries the information that s is an initial segment of this sequence, and the subsequent 
C\s must be chosen from A. Let G be P£/-generic over V. Set Cq = U{® ■ ^ ^}- 

Lemma 6.2.1. Cq is an co-sequence cofinal in k. 

Proof. It is clear that Cq is a sequence of length at most to. Given any n < co, and any 
a < K, the set 

Dn,a = {(S)^) : lh(s) > n and max(s) > a} 

is dense in Fu, from which it follows that Cq is an w-sequence cofinal in k. □ 

It is also clear that 

G = {(s, A) : s is an initial segment of Cq and Cq \ s C ^}, 
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and hence V\G\ = ^[Cg]. So we can talk about w-sequences from k being generic for the 
Prikry forcing P[/; such sequences are called Prikry sequences. We are now going to show 
that forcing with Py preserves all cardinals. 

Lemma 6.2.2. Py satisfies the k^-c.c. 

Proof. First note that any two conditions {s,A),{s,B) G P;/ are compatible, as witnesses 
by the common extension (s, A n B). {kY'^ has cardinality k, so any antichain contains at 
most K mutually incompatible members. □ 

It remains to show that cardinals < n are preserved. Define an auxiliary relation <* on 
Pj/, called the direct extension or the Prikry extension, by (s,A) <* (t, S) iff 

1 . s = t, 

2. ACB. 

It is clear that (P, <*) is K-closed, i.e., if A < k and {pa : a < A) is a <*-decreasing sequence 
of conditions in P[/, then there exists p G Py which is a direct extension of each Pa,a < A. 
The main technical tool we will prove is the following 

Theorem 6.2.3. (P[/,<,<*) satisfies the Prikry property: given any statement (j) of the 
forcing language (P[/,<), and any condition (s,^) G Py, there exists {s,B) <* (s,yl) such 
that (s, B) decides fi. 

It is possible to use Lemma 6.1.2, to present a simple proof of Theorem 6.2.3; however, we 
will present a different proof, which has the advantage that it can be applied for generalized 
Prikry like forcing notions. The main technical device is the diagonal intersection. 

Definition 6.2.4. Suppose (Ag : s G is such that each As C k. Then the diagonal 

intersection of this sequence is defined to be = {a < k : max(s) < a ^ a G As}. 

Lemma 6.2.5. (a) Suppose that each Ag G U. Then A = AgAs G U, and for all s, (s, A \ 
(max(s) + 1 )) < (s. As). 

(5) Let D be a dense open subset of¥u. Then there exists A G U such that for all 
s G (3i3(s, B) G D (s, A \ (max(s) + 1) G D). 
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Proof, (a) To show that A € U, it suffices to show that k € j{A), i.e., 

Vs e [j(K)]^“(niax(s) < n ^ k € 

which is clear by our assumption. The second part is easily verified as A\ (max(s) + 1) C As. 

(b) For each s, pick Ag € U such that (s, As) G D, if there is any, and As = k otherwise. 
Then A = is as required. □ 

We are now ready to complete the proof of Theorem 6.2.3. 

Proof of Theorem 6.2.3. Assume towards a contradiction that there is no direct extension 
of (s, A) which decides (f>. The set D = {p G Vu : p||(/>} is dense open, so by Lemma 6.2.5(6), 
there exists A* G U, such that for any t G {3B, {t, B)\\(j) {t,A* \ (max(t) + 1))||(('). 

We may further suppose that A* C A \ (max(s) + 1)). For any t G [A*]“^‘^, we partition the 
set A* \ (max(t) + 1) into three sets 

Aj = {a : a, A* \ (a + 1)) Ih (/)}, 

A) = {a : A* \ (a + 1)) II—i^}, 

Af = {a : A* \ (a + 1)) K f)}. 

For any t, there is a unique z < 3 so that A\ G U, call it A*. Also let A** = A* fl AjA^. 
By our assumption, (s,A**) does not decide (j). Let {s^t,B) < (s,A**) decides where 
lh(t) is minimal among such extensions. We will produce a shorter extension of (s,A**) 
which also decides (j). 

Let us assume that B) lh“^”. Note that lh(t) > 0, so we can write it as t = u^a. 
Then we have a G A*, and by our assumption, we must have A* = A°. It follows from our 
choice of A° that 

V/3 G A** \ (max(M) + 1), {s'-'u'-'/S, A** \{/3 + 1)) lh“^”. 

Every extension of (s'~'u, A** \ (max(zz) + 1)) is compatible with some condition of the form 
{s'~'u'~'l3,A** \ (/3 + 1)), where {3 G A**,fi > max(u) + 1, therefore {s'~'u,A** \ (max(M) + 
1)) lh“^”. But Ih(zz) < lh(t), and we get a contradiction with the minimal choice of lh(t). □ 

Lemma 6.2.6. If A G V[G] is a bounded subset of k, then A G V. 

Proof. Let p G Pz/, and A < k be such that p lh“A is a subset of A”. We build by induction 
a sequence {pa : a < A) of direct extensions of p such that: 
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1 - Po = P, 

2 . a < P ^ pp <* Pa, 

3. Va < A,pQ,+i||“a e A”. 

Then A = {a < \ ■. px lh“a e A”}, hence A e V. □ 

It follows that cardinals < k are preserved in Putting all of the above results 

together, we have the following: 

Theorem 6.2.7. Let k be a measurable cardinal, and U be a normal measure on k. Then 
forcing with P[/ preserves cardinals and changes the cofinality of k to oj. 


6.3 A geometric characterization of Prikry sequences 


We prove a characterization of Prikry generic w-sequences due to Mathias. 


Theorem 6.3.1. Suppose that U is a normal measure on a measurable cardinal k, and let 
Pj/ be the associated Prikry forcing. Then a sequence C G [«:]“, in any outer model ofV, is 
¥ij -generic over V iffVA G V3m'in > m, C{n) G A. 


Proof. First assume that G is a Prikry generic sequence; so that G = Cq, for some Pf/- 
generic G. Let A G U and {s,B) G P[/. The (s,^ D B) G P[/ extends {s,B) and it forces 
“G \ s C A”. 

For the converse direction, let G be the filter on Pj/ generated by G, and \et D gV be 
dense open in Pj/. By Lemma 6.2.5(6), we can find A G U such that 


Vs e [K]<“(3i3(s, B) G D {s,A \ (max(s) + 1)) G D). 
For each t G define ft : [A\ (max(t) + 2 by 


Ms) 


0 


if {t s, T \ (max(s) + 1)) G D, 


1 if otherwise. 

By Lemma 6.1.2, we can find At G U, At Q A which is homogeneous for ft. Let B = ACiAtAt. 
By our assumption, there is m < w such that for all n > m, C(n) G B. Let t = C \ m, and 
note that if n > m,C{n) G At. As D is dense, {t,B) has some extension in D, and hence 
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by our choice of A, we can assume that it is of the form B). But then s C At, so by 

homogeneity of At, if n = lh(t'~^s) then {C \ n,B) G D. But [C \ n,B) is also in G, hence 
G meets D. □ 
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Chapter 7 

HOD type models 

7.1 Godel functions and inner models 

The Godel functions are the following functional relations 
D{x,y) = {x,y}, 

J^2{x) =e|' 

J^3{x,y) =x\y, 

Ti{x,y) = xxy, 

D{x) = 

J-eix) = dom(x), 

J-' 7 {x) = {{u,w,v) : {u,v,w) € x}, 

Ts,{x,y) = {{v,u,w) : iu,v,w) € x}. 

Lemma 7.1.1. By composition one can get xt^y, x~^ = {{z,y) : (y,^)} and range(a;). 
Lemma 7.1.2. Let n > 2,i,j <n,i ^ j. Then 

{(^ 0 j ■■ ■ 5 1 ) ^ y • {aij Oj ) e — iTi^j^nix-! y) 

is obtained from x, y by composition of Godel functions. 

The proof is by induction on n. 
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Theorem 7.1.3. Let ...,Vn) a formula with free variables as shown; the value of (j) in 
the structure (x, €[" x^) is given by a fixed functional Val(4>\x) which is a combination of 
Godel functions. 

Proof. The proof is by induction on the length of formulas. For example: 

Atomic case: Val{vi € Vj]x'^) = 

3 case: Val{3v(j)) = range(Fa^(</>)). □ 

Theorem 7.1.4. Let M he a transitive class; assume that 
(a) M is closed under Godel operations. 

{b) V^, M is a set of M. 

Then M is an inner model. 

Proof. The replacement axiom should be the most difficult to prove. Now if (j){v, w,vi,..., v„) 
is a functional from parameters oi,..., a„ and if a is given, the image of a under ^ is a set in 
V, hence it is a subset of some Vj and M, therefore it is a subset of some x G M. Therefore 
it is enough to apply comprehension; the same argument works for the axioms such as the 
power set. Finally everything backs down to comprehension. Thus we are given a set a, a 
formula 'tp{v,vi, ...,Vn) and parameters ai,...,a„. We apply the reflection principle to the 
class M and the function relation n M; actually this is a generalized reflection principle: 
Generalized reflection principle: Let IF be a class in V, let be a functional relation 
with domain ON which is increasing and continuous. Let (/)i,be formulas of the 
language ZFC. For every ordinal f there exists ?7 > ^ such that reflects fii,..., fin 
relative to W. 

Thus if ^ is chosen above the ranks of the parameters oi, ...,a„ and the given set a, we 
get for & G a 

M \=''fi{b, ai,..., a„)” iff n M \=“fi{b, ai,..., a„)”. 

Thus the required set is 

Val{fi] n M) n (V^ n x) X {oi} x ... x {a„}. 

But using closure under Godel operations and the fact that fl M is a set of M we get a 
a set in M. 
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The last thing to check is that M contains all ordinals, otherwise M n ON is an ordinal 


But then 


^ = Val{^ is an ordinal; M) 

hence ^ € M, contradiction. 


□ 


7.2 Ordinal definability 

A set a is definable if there exists a formula (j)(v, vi,Vn), parameters oi,a„ such that 
a is the unique element satisfying (j){a, oi,a„) (this is equivalent to saying that for some 
formula ^^{v, vi, v„), a is exactly {b : oi,a„)”}). 

The definable sets (say without parameters) do not form a class. We shall see that if the 
parameters are chosen from another classes, it is the case. 

We let OD{X) be the class consisting of sets definable from ordinals and of a given class 
A. 

Lemma 7.2.1. OD{X) is closed under Gddel funetions. 

This is easy to prove. For example if x is defined by oi,..., a„) and y is defined by 
ipiv, bi ,..., bn), then x x y is defined by r(u,...) : 

3v3v'(l){v,ai, ...,an) A ^p{v' ,bi, ...,bn) Au= (v,v'). 

Lemma 7.2.2. Every element in OD{X) can be obtained from elements of ON UX and 
some Vj by applying Gddel functions. 

Proof. This is because of the reflection principle. If a = {6 : (j>{b, ai ,..., an)}. Then some 
reflects <j), large enough to include oi,..., a„. Thus a = Val{(j)-, V{), and the result follows. □ 

For any class X, we let X'^'^ be the class of finite sequences of elements of X. 

Theorem 7.2.3. OD{X^‘^) is closed under Gddel functionals. 

Proof. We have to perform some closure under Godel functions; but this has to be done 
inside set theory. Observe that if b is definable from ordinals > ... > fp and members of 
it is defined using a single ordinal + ... + and a single element of Hence 
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Lemma 5.2.2 becomes “ b is defined from some ordinal 6, some element of and some 
Vj by Godel functions”. □ 

A Godel term is a function defined on an integer q-\- 1 such that f{k) is 

• an integer 0 , 1 , 2 , or 

• A pair (i, n),i = 2,5, 6, 7,8,n < k, or 

• A tuple {i, n,p),i = 1,3,4, n,p < k. 

The value of a Godel term on 6, a, ^ is a function obtained by induction on k < q 

S if/(fc) = 0 , 

a if f{k) = 1 , 

Hk) = < if f{k) = 2 , 

Fi{v{n)) \ii = 2, 5, 6 , 7, 8 , /(fc) = {i, n), 

F{v{n),v{p)) if f = 1,3,4,/(fc) = (f,n,p). 

The final value of the term is v{q). We enumerate all terms {tj : j € oj). Now the final value 
is definable from S, a, ^ and the index of the term. So 

{fv)[ON X X ON] C OD{X<‘^). 

But by the lemma the converse also holds. 

Definition 7.2.4. HOD{X) is the set of elements a such that tcl{{a}) C OD{X). 

It is a class as soon as OD{X) is a class. 

Lemma 7.2.5. HOD(X) is closed under Godel functions. 

Theorem 7.2.6. Let X be a class. Assume that for any ^,V^r\X is a set of OD{X). Then 
HOD{X^^) is an inner model. 

Proof. The only thing to prove is that n HOD{X^‘^) is an element of HOD{X^‘^). 
HOD{X‘^‘^) is defined from X by a formula 4){v) (with an extra predicate for X). Now we 
pick ^ such that reflects <[>. 

a = V^n HODiX<^) = {yeV^:V^ 
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This gives the definition Vj n HOD{X^‘^) from the structure Vj, this structure consists of 
(Vj, G \ Vj, Vj n X), hence it is in OD{X^^). 

Finally a is a subset of HOD{X^‘^), and hence of OD{X^^). □ 

Corollary 7.2.7. We can consider the inner models: 

1. HOD, 

2. HOD{{a}), 

3. HOD{N), 

4. HOD{N^), 

5. HOD{{N \Jtcl{a)<^), 

6. HOD{N\JP{<jj)), 
where N is an inner model. 

We note that as N is an inner model, then 

• iV<“ C N. 

• Any element from is definable from one element of . 

• If A = N \Jtcl{a}^^, any element of X‘^‘^ is definable from one element of N and one 
element of te{a}^“. 

• Any element in {N U P{uj))^‘^ is defined from an element of N and one single real. 

7.3 The axiom of choice 

Theorem 7.3.1. (a) HOD satisfies AC, 

(5) If M is an inner model which satisfies AC, then HOD{M) also satisfies AC. 

Proof. Recall that any element in OD{X^^) is the final value of a Godel term on a triple 
G ON, a G So any element of HOD{X^‘^) comes from a code {ti,6,a,fi). 

If is empty, this gives a way to well-order HOD. If A=inner model M, then given a 
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set u € HOD{M), the set of codes {t, 6, a, form a set included in some oo x p x b x p, some 
b € M, p € ON, by replacement. This set is well-ordered and therefore u is well-ordered. □ 

Theorem 7.3.2. (Assume AC holds) 

(а) Let M be an inner model; then HOD{M‘^) satisfies dependent choice (DC). 

( б ) Similarly HOD{P{u})) satisfies DC. 

Proof. We only prove the second statement. We know that every element in HOD{P{uj)) 
is the final value of a Godel term U at some triple {6, a, (), a € Now any element of 

is coded by a single element of P(oj). Hence every element of HOD{P{uj)) becomes 
a code which is a quadruple {i,(,b,6), where i € uj,(,6 G ON,b G P(pj). We now consider 
a binary relation P on a set X, both lying in HOD{P{ijj)) such that Vx G X3y G X,yEx 
holds. By applying choice we get a sequence ((t„, (5„) : n < uj) such that Vn, Xn+iExn- 

Now {bn : n < oj) is coded by a single real fi of P{oj). We finally revise the dehnition of 
in,£,m 5n SO as to obtain a new sequence ((*^, Cni : n < uj), each time we take the first 

possible choice that allows an inhnite sequence following what was built before. This gives 
the required sequence for DC. □ 

7.4 Independence of AC 

We force with conditions p that are functions with finite domain from a;xwto2 = {0,l}. 
This is a countable set of conditions, so that the cardinals are preserved in the generic 
extension V\G]. 

The generic set G dehnes a function >{0,1}. For each n, (/„ is a subset of uj 

defined by 

{m : g{n, m) = 1}. 

We let a be {(/„ : n < wj. It is easily seen that the 5 „’s are distinct. 

Theorem 7.4.1. In the model M = {HOD{V U tcl{a}^‘^)C^^\ the set a is infinite and 
has no countable subset. 
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Proof. If the set a was finite, it would be finite in V[G\ as well. Now if a function f : uj ^ a 
is in the inner model M, it is definable from ordinals, a member of y, a and an element of 
say u. 

We consider the first k such that f{k) is not in the range of u. This gives a definable 
from ordinals, on element v of V, the set a itself and an element of Actually the last 
element can be described by the function y of by labeling the g^s by their indices n. 
We pick a formula that 

VI e uj{l e gk^ $(;,Ci,...,5„,u,a,x)). 


If T is a name for a and cr a name for gk, then The following is forced by some condition po 
in G: 

(*) Po &uj{l&gk^ $(/, fi, ..., (,n,v, a, y)). 

We pick k' such that g^' is not in the range oi u, k ^ k' and no integer {k',i) appears in 
the domain of po • An automorphism of the set of forcing conditions is defined by exchanging 
k and k', formally 


p{k',i) 

if / = fc. 

p{k,i) 

if 1 = k', 

p{l,i) 

if otherwise. 


We note that 7r(po) is compatible with po and we can pick p < po, 7r(po). Fix G', generic so 
that p € G' and consider the models V\G'] and y[7r[G"]]. Because (*) is forced, g^ receives 
a definition in V[G'] through $,a, y. Now V\G'] and y[7r[G"]] are the same generic model: 
only the order of the p„’s differ. But in V'[7r[G"]] the fc-th section is actually gk', so gk' = gk 
and we get a contradiction. □ 
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